Abstract. Let A and B be unital semisimple commutative Banach algebras and T a map from the invertible group A −1 onto B −1 . Linearity and multiplicativity of the map are not assumed. We consider the hypotheses on T : (1) 
Introduction
Recently spectrum-preserving maps on Banach algebras which are not assumed to be linear are studied by several authors including [4, 5, 6, 7, 8, 9, 10, 11, 12, 13] . In this paper we mainly consider maps which are defined on the invertible groups of commutative Banach algebras.
For unital Banach algebras the groups of all invertible elements can be isomorphic as groups to each other while these Banach algebras are not algebraically isomorphic to each other. Let C([0, 1]) be the Banach algebra of all continuous complex-valued functions on the closed unit interval. Then the group C([0, 1]) −1 of all invertible elements of C([0, 1]) is isomorphic as a group to the group of all non-zero complex numbers, the invertible group of the one dimensional Banach algebra C; the complex number field. We show a proof for a convenience. Let {z α } be a Hamel basis for the linear space C over the rational number field. We may assume that π ∈ {z α }. Since the cardinal number of C([0, 1]) is the continuum c, the cardinal number of a Hamel basis for C([0, 1]) over the rational number field is also the continuum. It follows that there is a linear isomorphism S (over the rational number field) from C onto C([0, 1]) such that S(π) = π. Put the map T from exp C onto exp(C([0, 1])) as T (exp(z)) = exp(S(z)): T is well-defined since S(π) = π. By the definition T is multiplicative. Since the equality exp(C([0, 1])) = C([0, 1]) −1 holds (by a theorem of Arens and Royden [2, Corollary III. 7. 4], for example), we see that T is a group isomorphism from {z ∈ C : z = 0} onto C([0, 1]) −1 . In the same way there are various pairs of unital commutative Banach algebras which are not isomorphic as algebras while the invertible groups are isomorphic as groups. An interesting example of a group isomorphism between invertible groups of two non-isomorphic commutative C * -algebras which is also a homeomorphism with respect to the relative topology induced by the norms on the algebras is presented in the monograph ofŻelazko [14, Remark 1. 7. 8] .
In spite of the above Hochwald [6] proved that if a group homomorphism from the group of all invertible matrices in M n of all n × n matrices into itself preserves the spectrum, then it is extended to an algebra automorphism on M n . We show a type of a theorem of Hochwald for the case of unital semisimple commutative Banach algebras (cf. Corollary 4.3). We also show that a group homomorphism between the invertible groups of unital semisimple Banach algebra is extended to a real-algebra isomorphisms between underlying algebras if T is isometric with respect to the spectral radius (cf. Corollary 5.15). In this paper we consider not only group homomorphisms with additional topological properties between invertible groups but also multiplicatively (resp. peripheral) spectrum-preserving maps and normpreserving maps. We say that a map T between Banach algebras is multiplicatively spectrum-preserving if σ(T f T g) = σ(f g) holds for every pair f and g in the domain of T , where σ(·) denotes the spectrum. The peripheral spectrum {z ∈ σ(f ) : |z| = r(f )} is denoted by σ π (f ), where r(f ) is the spectral radius for f . We say that T is multiplicatively peripheral spectrum-preserving if σ π (T f T g) = σ π (f g) holds for every pair f and g in the domain of T , and T is multiplicatively norm-preserving if T f T g = f g
holds for every pair f and g in the domain of T for a certain norm · including the spectral radius. The study of multiplicatively spectrumpreserving maps between Banach algebras was initiated by Molnár [9] and he characterized algebra isomorphisms in terms of multiplicative spectrum-preservingness. Rao and Roy [12] and Hatori, Miura and Takagi [4] generalized the theorem of Molnár for uniform algebras. Hatori, Miura and Takagi [5] also generalizes for unital semisimple commutative Banach algebras. Luttman and Tonev [8] introduced multiplicatively peripheral spectrum-preserving maps and generalizes results of Rao and Roy [12] and Hatori, Miura and Takagi [4] in the case of uniform algebras. Lambert, Luttman and Tonev [7] considered the maps with much weaker conditions such as mutiplicatively normpreservingsess or weakly peripherally-multiplicativity. After some preliminaries in the next section, we study multiplicatively norm-preserving maps between the invertible groups of commutative Banach algebras in section three. We show that commutative C * -algebras are algebraically isomorphic if there exists a multiplicatively norm-preserving surjection, in particular, a norm-preserving group isomorphism between the invertible groups of the algebras.
In section four we consider multiplicatively spectrum-preserving maps, in particular, peripheral spectrum-preserving group isomorphisms between invertible groups of uniform algebras and show that they are extended to algebra isomorphisms between underling algebras.
In section five we consider non-symmetric multiplicatively normpreserving maps and we consider non-symmetric multiplicatively (resp. peripheral) spectrum-preserving maps in section six. We say that a map T is non-symmetric multiplicatively norm-preserving if T f T g − α = f g − α holds for every pair f and g in the domain of T and some non-zero complex number α. We say that T is non-symmetric multiplicatively spectrum-preserving if σ(T f T g − α) = σ(f g − α)
holds for every pair f and g in the domain of T and some non-zero complex number α. We say that T is non-symmetric multiplicatively peripheral spectrum-preserving if
holds for every pair f and g in the domain of T and some non-zero complex number α.
In the last section we consider maps between commutative Banach algebras which are multiplicatively norm-preserving, and show a generalization of a theorem of Luttman and Tonev [8] . We also study non-symmetric multiplicatively norm-preserving maps between commutative Banach algebras.
preliminaries
Suppose that A is a unital commutative Banach algebra. We call the group of all invertible elements in A the invertible group of A. The invertible group of A is denoted by A −1 . The spectrum of f ∈ A is denoted by σ(f ). The peripheral spectrum σ π (f ) is the set {z ∈ σ(f ) : |z| = r(f )}, where r(f ) denotes the spectral radius of f ∈ A. The maximal ideal space of A is a compact Hausdorff space and is denoted by M A . Then by Gelfand theory, the equality σ(f ) =f (M A ) holds, wheref is the Gelfand transform of f . For a compact Hausdorff space X, the algebra of all complex-valued continuous functions on X is denoted by C(X). We denote clA the uniform closure of the Gelfand transformÂ of A in C(M A ). Then clA is a uniform algebra on M A . In this paper we denote the Gelfand transform of f in A also by f ; omitting·, if A is semisimple.
Let A be a uniform algebra on a compact Hausdorff space X, that is, A is a uniformly closed subalgebra of C(X) which contains constants and separates the points of X. For a subset K of X the supremum norm on K is denoted by g ∞(K) for g ∈ A. A function f ∈ A is said to be a peaking function if σ π (f ) = {1}. Since the spectral radius and the supremum norm on X coincide for uniform algebras, we see by a simple calculation that σ π (g) = {z ∈ g(X) : |z| = g ∞(X) } for every g ∈ A. We denote the set of all peaking function by P A and P A (x) = {f ∈ P A : f (x) = 1} for x ∈ X. We also denote
A (x) = {f ∈ P A (x) : 0 ∈ σ(f )} for x ∈ X. For a closed subset K of X, we say that K is a peak set if there is a peaking function f ∈ A such that K = f −1 (1). If a peak set is a singleton, then the unique element of the set is said to be a peak point. An intersection of peak sets is said to be a p-set. If a p-set is a singleton, then the unique element of the set is said to be a p-point. The Choquet boundary for A is denoted by Ch(A). Note that Ch(A) consists of all p-points. Note that for every f ∈ A, σ π (f ) ⊂ f (Ch(A)) holds. (Suppose that α ∈ σ π (f ). If α = 0, then f ∞(X) = 0, so that the inclusion holds. If α = 0, then by a simple calculation we see that f −1 (α) is a peak set for A, so that Ch(A) ∩ f −1 (α) = ∅ by Corollary 2.4.6 in [1] .) See [1, 2] for theory of uniform algebras.
The following is a version of a theorem of Bishop (cf. [1, Theorem 2.4.1]) and it is a generalization of Corollary 1 of [7] . Lemma 2.1. Let A be a uniform algebra on a compact Hausdorff space X. Let f ∈ A and x 0 ∈ Ch(A). If f (x 0 ) = 0, then there exists a
Proof. It is enough to show that there is a u ∈ P 0
|f (x) − λ| ≥ |λ|/2 and
Then F 0 , F 1 , · · · , F n , · · · are closed subsets of X which do not contain x 0 . Since x 0 is a p-point, there exists a sequence of peaking functions {v n } ∞ n=0 such that v n (x 0 ) = 1 and |v n | < 1/2 on F n holds for every non-negative integer n. LetD be the closed unit disk {z ∈ C : |z| ≤ 1}
. Then π is a homeomorphism fromD ontoΩ such that π(1) = 1, π(−1) = 0 and π is analytic on the open unit disk D onto the interior Ω ofΩ. For every positive real number ε there exists a positive real number δ ε which satisfies that |π(z)| < ε holds for every z ∈D with |z + 1| < δ ε . For every positive real number δ there exists a Möbius transformation φ δ fromD ontoD such that φ δ (1) = 1 and |φ δ (z) + 1| < δ holds for every complex number z with |z| < 1/2.
is approximated by analytic polynomials onD since it is continuous onD and analytic on D. Thus u n ∈ A for every non-negative integer n. We also see that for every non-negative integer n Reu n > 0 on X since v n (X) ⊂ D ∪ {1}. By the definition of φ ε we also see that |u 0 | < |λ|/ f ∞(X) on F 0 and |u n | < 1/(2 n + 1) on F n for every positive integer n. Now put
The above series is majorized by the convergent series 1 2 k , so u is in A. Since Reu > 0 on X, we see that u ∈ exp A ⊂ A −1 . Moreover, u is easily seen to be a function in P 0 A (x 0 ). Put g = (1/λ)f u. Then this g is a desired function. Choose an arbitrary x ∈ X. If x ∈ F 0 , then we have
If x ∈ F n for some positive integer n, then
F n , then f (x) = λ and so g(x) = u(x). Thus we have that g(X) ⊂ D ∪ {1} and g(x 0 ) = u(x 0 ) = 1, so the proof is completed.
Multiplicatively norm-preserving maps between invertible groups
Multiplicatively norm-preserving maps on uniform algebras are recently studied by Lambert, Luttman and Tonev [7] . We show the following, which is a generalization of Theorem 1 in [7] . Theorem 3.1. Let A and B be uniform algebras on compact Hausdorff spaces X and Y respectively. Let T be a map from
holds for every f, g ∈ A −1 . Then there exists a homeomorphism φ from Ch(B) onto Ch(A) such that |T f (y)| = |f (φ(y))| holds for every f ∈ A −1 and y ∈ Ch(B).
Note that T need not be injective. Proof. Let y ∈ Ch(B) and put L y = {x ∈ X : |f (x)| = 1 for every
We show that
. We show that |T 1| = 1 on Ch(B). Suppose that |T 1(y)| < 1 for some y ∈ Ch(B). Then by Lemma 2.1 there exists an
, which is a contradiction. Thus we see that |T 1| = 1 on Ch(B). Thus we see that
(Suppose that there exists x 1 ∈ Ch(A) such that |f (x 1 )| = 1 and
, which is a contradiction.) Thus we see that
Note that (|f
By the finite intersection property we see that
Next we show that L y is a singleton and the unique element in L y is an element in Ch(A). Let x 2 ∈ L y and f ∈ A −1 such that |T f (y)| = 1 = T f ∞(Y ) . Then we have |f (x 2 )| = 1 by the definition of L y . Put f = (f (x 2 )f + 1)/2. Thenf is a peak function such thatf (x 2 ) = 1. We see thatf
Since ∩ ff −1 (1) is a p-set, there is an
Then |u| = 1 on L y , which is a contradiction. So |T u(y)| = 1, and since T u ∞(Y ) = 1, we have that |T u(y)| < 1.) Then there exists a
, which is a contradiction. We see that L y = {x 0 } and x 0 ∈ Ch(A).
Put a function φ from Ch(B) into Ch(A) by φ(y) = x 0 , the unique element in L y . We show that |T f (y)| = |f (φ(y))| holds for every f ∈ A −1 and y ∈ Ch(B). For the case where f ∈ A −1 satisfies that |T f (y)| = 1 = T f ∞(Y ) , we see that |T f (y)| = |f (φ(y))| holds for every y ∈ Ch(B) by the definition of φ. Let f be an arbitrary function in A −1 . Since f (φ(y)) = 0, there exists an h ∈ P 0 A (φ(y)) such that σ π (f h) = {f (φ(y))} by Lemma 2.1, so we see that
which is a contradiction.) It follows that |f (φ(y))| ≥ |T f (y)|. On the other hand there exists an
It follows that |T f (y)| = |f (φ(y))|. Next we show that φ is continuous. Let y ∈ Ch(B). Suppose that {y α } is a net in Ch(B) which converges to y. Let f ∈ A −1 . Since T f (y α ) → T f (y), and |T f (y α )| = |f (φ(y α ))| and |T f (y)| = |f (φ(y))|, we see that |f (φ(y α )| → |f (φ(y))|. By the Alexandroff theorem the original topology on X coincides with the weak topology on X which is induced by the family {|f | : f ∈ A −1 }. It follows that φ(y α ) → φ(y). We see that φ is a continuous map from Ch(B) into Ch(A).
We show that φ is a homeomorphism. For that purpose we show that there exists a continuous function ψ from Ch(A) into Ch(B) such that φ • ψ and ψ • φ are identity functions on Ch(A) and Ch(B) respectively. Although we need some consideration since T needs not be injective, a proof of the existence of ψ is similar to that of φ. Let x ∈ Ch(A). Put
, we see that
Thus there exists a y 0 ∈ Ch(B) with |F (y 0 )| = 1.
(Suppose not. There exists y 1 ∈ Ch(B) with
Then there exists an
On the other hand, we have 1
, which is a contradiction.) Thus we have that
is a peak function which peaks on F −1 (F (y 2 )). Thus we have that
Next we show that K x is a singleton. Suppose that
ThenF is a peak function such thatF (
Put a function ψ from Ch(A) into Ch(B) by ψ(x) = y 0 , the unique element of K x . Then by the definition of K x , we have that |T f (ψ(x))| = |f (x)| for every f ∈ A −1 with |f (x)| = 1 = f ∞(X) . We show that |T f (ψ(x))| = |f (x)| holds for every f ∈ A −1 . Let f ∈ A −1 . Then there exists an h ∈ P 0 A (x) with σ π (f h) = {f (x)}. Thus we see that
Since |T h(ψ(x))| = 1 by the definition of K x , we see that |T f (ψ(x))| ≤ |f (x)|. On the other hand, there exists an
Choose a function h
We also have that
We show that ψ is continuous. Suppose that x ∈ Ch(A) and {x α } is a net which converges to x. Then for every f ∈ A =1 we have that
Since T is a surjection, we see that |F (ψ(x α ))| → |F (x)| holds for every F ∈ B −1 . By the Alexandroff theorem the original topology on Y and the weak topology on Y induced by the family {|F | : F ∈ B −1 } coincides. So we see that ψ(x α ) → ψ(x). Thus we see that ψ is continuous on Ch(A).
By the first part of the proof we have that |T f (y)| = |f (φ(y))| holds for every f ∈ A −1 and y ∈ Ch(B), so we see that
and {|F | : F ∈ B −1 } separates the points of Y , we see thatψ • φ(y) = y holds for every y ∈ Ch(B). Since
hold for every x ∈ Ch(A), in a way similar, we also see that φ • ψ(x) = x holds for every x ∈ Ch(A). It follows that φ and ψ are bijections and φ −1 = ψ. Since φ and ψ are continuous, we see that φ is a homeomorphism from Ch(B) onto Ch(A).
Note that under the hypotheses of Theorem 3.1 the map T need not be extended to a linear map from A into B. On the other hand we show that two unital commutative C * -algebras are algebraically isomorphic to each other if there exists a surjective group homomorphisms which preserves the norm (cf. Corollary 3.4). The results compares with the following example which is presented in [14, Remark 1.7.8.] .
Then T is a homeomorphism with respect to the relative topologies on C(X 1 ) −1 and C(X 2 ) −1 which are induced by the supremum norms on C(X 1 ) and C(X 2 ) respectively. On the other hand C(X 1 ) is not algebraically isomorphic to C(X 2 ) since X 1 and X 2 is not homeomorphic.
In this example sup 
. Note that such a T may not be extended an algebra isomorphism (cf. Example 3.6).
Corollary 3.3. Let A and B be uniform algebras on compact Hausdorff spaces X and Y respectively. Suppose that T is a group homomorphism from A −1 onto B −1 which satisfies that inf
< ∞ Then there is a homeomorphism φ from Ch(B) onto Ch(A) such that an equality |T f (y)| = |f (φ(y))| holds for every f ∈ A −1 and y ∈ Ch(B).
= 0. In any case we have a contradiction. Thus we see that
holds for every pair f and g in A. Then by Theorem 3.1 we see that the conclusion holds. 
> 0, then C(X) is isometrically and algebraically isomorphic to C(Y ).
Proof. By Proposition 3.3 there is a homeomorphism from X onto Y , so that C(X) is isometrically and algebraically isomorphic to C(Y ).
Note that a norm preserving group homomorphism from C(X)
Example 3.5. Let X be the closed unit interval of the real numbers.
−1 is closed under the square-root-operation (cf. [3] ), that is, for every h ∈ C(X)
Note also that the map T in Corollary 3.4 need not be extended to an algebra isomorphism from C(X) onto C(Y ) even if T is injective. An example is as follows.
Example 3.6. Let C(X) be the usual Banach algebra of complexvalued continuous functions on a compact Hausdorff space X and A the direct sum C(X) ⊕ C(X). Note that A is isometrically isomorphic to C(X 1 ∪ X 2 ), where X 1 and X 2 are two copies of X. Let T be a map from A −1 into itself defined by
Then T is a norm preserving group automorphism on A −1 while T is not extended to a linear map on A.
Proof. Clearly T is a norm preserving group endomorphism on A −1 . We only show that T is a bijection. Let
Even if a group isomorphism between the invertible groups of uniform algebras preserve the norm, it can be discontinuous. 
By a simple calculation we have that R is not a bounded as linear transformation on the Banach space C R ([0, 1]) and 2R − I is a linear isomorphism from C R ([0, 1]) onto itself, where I is the identity operator.
where Imf denotes the imaginary part of f . Since R(u 1 ) = u 1 and
], it is easy to see that T is well-defined and is a group isomorphism form (C(
On the other hand we have that T (exp f n ) = exp((
v n . We see in a way similar to the above that exp
Multiplicatively spectrum-preserving maps between invertible groups
The following corollary is a version of a theorem of Luttman and Tonev [8] . Another slight generalization of the theorem of Luttman and Tonev is given in the last section (cf. 7.3).
Corollary 4.1. Let A and B be uniform algebras on compact Hausdorff spaces X and Y respectively and T a map from
holds for every pair f, g ∈ A −1 . Then (T 1) 2 = 1 and there exists a homeomorphism φ from Ch(B) onto Ch(A) such that the equality T f (y) = T 1(y)f (φ(y)), y ∈ Ch(B) 14 holds for every f ∈ A −1 . Thus T /T 1 is extended to an isometrical algebra isomorphism from A onto B. In particular, T is extended to an isometrical algebra isomorphisms from A onto B if T 1 = 1.
Proof. First we consider the case where T 1 = 1. For every pair f and
Then by Theorem 3.1 there exists a homeomorphism φ from Ch(B) onto Ch(A) such that the equality |T f (y)| = |f (φ(y))| holds for every y ∈ Ch(A) and f ∈ A −1 . Let y ∈ Ch(B) and u ∈ P 0 A (φ(y). Since we have assumed that T 1 = 1, we see that
that is, T u ∈ P 0 B and σ π (T u) = {1}. On the other hand since |T u(y)| = |u(φ(y))| = 1, we see that T u(y) = 1 and so T u ∈ P 0 B (y). Thus we conclude that
We consider the general case and prove that (T 1)
We conclude that (T 1(y)) 2 = 1 for every y ∈ Ch(B), and so (T 1) 2 = 1 for Ch(B) is a boundary for B. PutT = T /T 1. Theñ T is a well-defined map from A −1 into B −1 . By a simple calculation we see thatT (A −1 ) = B −1 . We see thatT 1 = 1 by the definition ofT and that σ π (T fT g) ⊂ σ π (f g) holds for every pair f and g in A −1 since (T 1) 2 = 1, . Then by the first part of the proof there exists a homeomorphism φ from Ch(B) onto Ch(A) such thatT
15 holds for every f ∈ A −1 . Thus we see that
holds for every f ∈ A −1 . Since Ch(B) is a boundary for B, the restriction map R : B → B|Ch(B) is a bijective isometrical algebra isomorphism. Put T e : A → B|Ch(B) by T e f (y) = f (φ(y) for f ∈ A. Then T e is well-defined and it is easy to see that R −1 • T e is an isometrical algebra isomorphism from A onto B which is an extension of T .
Corollary 4.2. Let A and B be uniform algebras and T a group homomorphism from A −1 onto B −1 which satisfies that
holds for every f ∈ A −1 . Then T is extended to an isometrical algebra isomorphism from A onto B.
Proof. We see that T 1 = 1 since T is a surjective group homomorphism. We also see that σ π (T f T g) ⊂ σ π (f g) holds for every pair f and g in A −1 since T f T g = T f g. The conclusion follows from Corollary 4.1.
Corollary 4.3. Let A be a unital semisimple commutative Banach algebra and B a unital commutative Banach algebra. Suppose that T is a surjective group homomorphism from A −1 onto B −1 such that
holds for every f ∈ A −1 . Then T is extended to an algebra isomorphism from A onto B. In particular, B is semisimple.
Proof. Since
hold for every pair f and g in A −1 , we see that T is injective. First we consider the case where B is semisimple. Recall that we denote the uniform closure of the Gelfand transform of A in C(M A ) (resp. B in C(M B )) by clA (resp. clB). We may consider that A ⊂ clA (resp. B ⊂ clB) since A (resp. B) is semisimple. Note that the maximal ideal space M clA (resp. M clB ) is homeomorphic to M A (resp. M B ). In fact, the correspondence between complex homomorphisms on clA (resp. clB) and its restrictions on A (resp. B) gives a homeomorphism between M clA and M A (resp. M clB and M B ). Thus the spectrum of f ∈ clA (resp. f ∈ clB) is coincide with f (M A ) (resp. f (M B )); we denote the spectrum with respect to clA (resp. clB) also by σ(f ).
We extend T to a group homomorphism from (clA)
We may assume that {f n } ⊂ A −1 . Since |f | > 0 on M A , we may assume without loss of generality that there is a positive number M such that
Since T is a group homomorphism with the assumption concerning the spectrum we see that
. Therefore {T f n } is a Cauchy sequence with respect to the supremum norm and the uniform limit F is in clB. Since σ(T f n ) = σ(f n ) and
By a routine calculation the function F is independent of the choice of the sequence {f n }. Put T f = F . Then T is a function from (clA) −1 into (clB) −1 and T = T on A −1 . We show that T is a surjection. Let F ∈ (clB) −1 . Then there is a sequence {F n } in B −1 which uniformly converges to F . In the way similar to the above, we see that {T −1 F n } is a Cauchy sequence in A −1 and converges uniformly to a function f ∈ (clA) −1 . Then by the definition of T we see that T f = F .
We show that σ( T f ) = σ(f ) holds for every f ∈ (clA) −1 . Suppose that f ∈ (clA) −1 . Then there exists a sequence {f n } in A −1 such that
Then by the definition of T we see that
On the other hand, for each positive integer n, there is y n ∈ M B such that λ n = T f n (y n ) since σ(f n ) = σ(T f n ) for every n. Thus we have
as n → ∞. Thus we have that λ ∈ σ( T f ), so that σ(f ) ⊂ σ( T f ). The reverse inclusion is proven in the same way; we see that σ(f ) = σ( T f ).
We show that T is a group homomorphism. Let f, g ∈ (clA) −1 . Then there are sequences {f n } and {g n } in
Then we see that
as n → ∞. We also have that
Thus applying Corollary 4.2 we see that T is extended to an algebra isomorphism from clA onto clB. By a simple calculation we see that the restriction of the extended isomorphism to A is an algebra isomorphism from A onto B.
Finally we consider the general case. Let Γ B denote the Gelfand transform of B. Then by a simple calculation we see that Γ B • T is a group homomorphism from
Then by the first part of the proof, we see that Γ B • T is extended to an algebra isomorphism from A onto Γ B (B). Then we see that Γ B is injection from
Since Γ B • T is an injection we see that f 1 = f 2 , thus g 1 = g 2 , that is, Γ B is injective on B −1 . It follows by a simple calculation that Γ B is an injection on B. Thus B is semisimple, and T is extended to an algebra isomorphism from A onto B applying the first part of the proof.
Non-symmetric multiplicatively norm-preserving maps between invertible groups
Under the hypotheses in Theorem 3.1, the map T appearing in Theorem 3.1 need not be linear nor multiplicative. For example, let A be a uniform algebra on X and put a map ε from A into {−1, 1}. Then the map T : A → A defined by T f = ε(f )f , f ∈ A satisfies that the equality T f T g ∞(X) = f g ∞(X) holds for every pair f and g in A and T can be surjective which is not linear nor multiplicative according to the choice of ε.
In this section we consider non-symmetric multiplicatively normpreserving maps between invertible groups. Let A and B be unital commutative Banach algebras and T a map from A −1 into B −1 . We say that T is non-symmetric multiplicatively (spectral) norm-preserving if there exists a nonzero complex number α such that
holds for every pair f and g in A, where M A (resp. M B ) denotes the maximal ideal space of A (resp. B). Multiplicatively norm-preserving map corresponds to the case where α = 0, Although multiplicatively norm-preserving maps need not be extended to linear nor multiplicative maps, we show that non-symmetric ones are extended to real-linear and multiplicative maps if T 1 = 1 and T is surjective.
In the following, from Lemma 5.1 to Lemma 5.11, A and B are uniform algebras on compact Hausdorff spaces X and Y respectively and T is a map from A −1 onto B −1 such that
holds for every f, g ∈ A −1 .
Proof. First we show that T is an injection. Suppose that T f = T g. Then we have that
Thus we see that f g
we see that (T 1)
. Then by a simple calculation we see thatT is a map from A −1 onto B −1 and the equality
holds for every f, g ∈ A −1 since (T 1) 2 = 1. We show that the equality
holds for every f, g ∈ A −1 . It will follow that T f T g ∞(Y ) = f g ∞(X) for every f, g ∈ A −1 since (T 1) 2 = 1. SinceT 1 = 1, we have for every positive integer n that
So we have that
. We see that
It follows that
and letting n → ∞, we have that the inequality f g ∞(X) ≤ T fT g ∞(Y ) holds for every f, g ∈ A −1 .T is injective since T is. Applying the similar argument to (T ) −1 instead ofT , we have that
holds for every F, G ∈ B −1 . It follows that the equality f g ∞(X) = T fT g ∞(Y ) holds for every f, g ∈ A −1 . Since (T 1) 2 = 1 we conclude that the equality T f T g ∞(Y ) = f g ∞(X) holds for every f, g ∈ A −1 .
By Theorem 3.1 we see that there exists a homeomorphism φ from Ch(B) onto Ch(A) such that |T f (y)| = |f (φ(y))|, y ∈ Ch(B) holds for every f ∈ A. In the following up to Lemma 5.11 φ denotes this homeomorphism. Moreover we see that the following.
Lemma 5.2. |T λ| = |λ| on Ch(B) and |T −1 λ| = |λ| on Ch(A) for every complex number λ. Lemma 5.3. Suppose that T 1 = 1. For every complex number λ with |λ| = 1 and λ = 1, −1, we have that
where Λ 1 (resp. Λ 2 ) is the closed arc on the closed unit circle with the end points λ and −λ (resp.λ and −λ) which does not contain the real number.
Proof. Note that T −1 is well-defined since T is an injection by Lemma 5.1. Then we have
we have that (T (−1)) 2 = 1. Since T is injective by Lemma 5.1, T (−1) = 1, so there exists y ∈ Ch(B) such that (T (−1))(y) = −1. We have that
Suppose that Reλ ≥ 0. We see that 
In any case we have the conclusion. Proof. Suppose that u ∈ P 0 A (φ(y)). Then by Lemma 5.1 we see that T u ∞(Y ) = u ∞(X) = 1 since T 1 = 1. First we show that σ π (T u) = {1}. Suppose that α ∈ σ π (T u) \ {1}. We have that
since T 1 = 1 and σ π (u) = {1}, so α = −1. Thus
by Lemma 5.3. On the other hand, −ᾱT u − 1 ∞(Y ) = 2 since α ∈ σ π (T u), which is a contradiction since
We have that σ π (T u) = {1} since σ π (T u) is not empty. By Theorem 3.1 and Lemma 5.1 we have that
so that T u(y) = 1 since σ π (T u) = {1}. We have proved that T u ∈ P 0 B (y) for every u ∈ P 0 A (φ(y)). Since T is injection by Lemma 5.1, we have in a way similar to the above that
A (φ(y)). Then the conclusion holds. Proof. Since
we see that (T (−1)) 2 = 1. Suppose that there is a y ∈ Ch(B) such that (T (−1))(y) = 1. Then there exists a U ∈ P 0 B (y) with σ π (T (−1)U) = {1} by Lemma 2.1. Thus
On the other hand T −1 U ∈ P 0 A (φ(y)) by Lemma 5.4, so
which is a contradiction.
Lemma 5.6. Suppose that T 1 = 1. Then (T λ)(Ch(B)) ⊂ {λ,λ} for every complex number λ with the unit absolute value.
Proof. By Lemma 5.2 we see that |T λ| = |λ| holds on Ch(B). Since T 1 = 1, we have T λ − 1 ∞(Y ) = |λ − 1|. Since T (−1) = −1 by Lemma 5.5 we also see that
It follows by a simple calculation that the conclusion holds.
Lemma 5.7. Suppose that T 1 = 1. Then T (−i) = −T i. Proof. If α = −1, then T (α) = α by Lemma 5.5. We consider the case where α is a imaginary number. By Lemma 5.7 we have that
We also see that
. By Lemma 5.2 we see that |T iT α| = 1 on Ch(B). It follows by a simple calculation that (T iT α)(Ch(B)) ⊂ {iα, iα}.
Suppose that y ∈ K. Then T i(y) = i. By Lemma 5.6, T α(y) = α orᾱ. Suppose that T α(y) =ᾱ. Then (T iT α)(y) = iᾱ, which contradicts to (T iT α)(Ch(B)) ⊂ {iα, iα}. Thus we see that T α(y) = α if y ∈ K. In a way similar, we see that T α(y) =ᾱ if y ∈ Ch(B) \ K. Thus T (αβ) = T (α)T (β) holds on Ch(B) and so we have that T (αβ) = T (α)T (β). Proof. First we show that T (αP
we have that −1 ∈ σ π (T (−ᾱ)T (αu)). Suppose that
Note that |β| = 1 since
Since σ π (F ) ⊂ F (Ch(B)) holds for every F ∈ B, there exists a y ∈ Ch(B) with (T (−ᾱ)T (αu))(y) = β. If y ∈ K, then (T ((−β)(−ᾱ))T (αu))(y) = (T (−β)T (−ᾱ)T (αu))(y) = −1 since T (−β) = −β on K by Lemma 5.10, so that
A we see thatβ = −1, so β = −1, which is a contradiction. If y ∈ Ch(B) \ K, then we have, in a way similar to the above, a contradiction. It follows that σ π (T (−ᾱ)T (αu)) = {−1}. 
Thus we see that T (−ᾱ)T (αP
. Then we have that |β| = 1. We also have
Since |T (β)| = 1 on Ch(B), we see that −1 ∈ (T (β))(Ch(B)), so by Lemma 5.6 we have that β = −1. We see that 
holds for every f, g ∈ A −1 . Then (T 1) 2 = 1 and the map T is extended to a map T E from A onto B, and there exists a homeomorphism φ from Ch(B) onto Ch(A) and a clopen subset K of Ch(B) such that the equality
holds for every f ∈ A. In particular,
is a real-algebra isomorphism. Thus we see that the equality
holds for every pair f and g in A.
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we see that (T 1) 2 = 1. First we consider the case where T 1 = 1. By Lemma 5.1 we see that T is injective and T f T g ∞(Y ) = f g ∞(X) for every f, g ∈ A −1 . Then by Theorem 3.1 there exists a homeomorphism φ from Ch(B) onto Ch(A) such that |T f (y)| = |f (φ(y))| holds for every f ∈ A −1 and every y ∈ Ch(B). We show that T f (y) = f (φ(y)) if y ∈ K and T f (y) = f (φ(y)) if y ∈ Ch(B) \ K, where K is defined as in Definition 5.8.
Suppose that y ∈ K and T f (y) = f (φ(y)). By Lemma 2.1 there exists an H ∈ P . Then we have that
we have that T αT f T h − 1 ∞(Y ) = |T f (y)| + 1, so there exists a z ∈ Ch(B) such that
Since |T α| = 1 on Ch(B), we have that
Then we see that z is a point in K. Suppose that z ∈ Ch(B) \ K. Then by the definition of H, |(T f T h)(z)| < |T f (y)| holds. Since |T α| = 1 we have that
which is a contradiction proving z ∈ K. So T α(z) = α by Lemma 5.10 and thus we have by the equation (5.3) that
as n → ∞. In a way similar to the above we see that r( F is uniquely determined; it does not depend on the choice of the sequence {f n } which converges to f . We define a map T e from (clA) −1 into (clB) −1 by T e f = F . We show that T e is a surjection. Suppose that F ∈ (clB) −1 . Then there is a sequence {F n } in B such that
−1 and M clB = M B , we may assume that F n ∈ B −1 for every n. Since T A −1 = B −1 , there exists a sequence {f n } in A −1 with T f n = F n for every positive integer n. As in a way similar to the above we see {f n } is a Cauchy sequence which uniformly converges to some f ∈ (clA) −1 . By the definition of T e we have that T e f = F ; T e is a surjection. Suppose that f, g ∈ (clA) −1 . Then there are some {f n } and {g n } in A −1 such that f n → f and g n → g as n → ∞. Then we see that
and letting n → ∞ we have that
Applying Theorem 5.12 to the map T e from (clA) −1 onto (clB) −1 , we see that there exists a clopen subset K of Ch(clB) and T e is extended to a map T E from clA onto clB such that the equality
holds for every f ∈ clA. It follows that
is a real-algebra isomorphism from clA onto clB. We also see that
and T 1 ∈ B −1 we see that
Then there exist an F 0 ∈ B −1 and a complex number λ with F = F 0 + λ. If λ = 0, then F = F 0 and there exists an f 0 ∈ A −1 with T f 0 = T 1F 0 , so that
with T f 0 = T 1F 0 and T f λ = λT 1. Since T E is real-linear, we have that T E (f 0 + f λ ) = T 1F . We see that
Finally we consider the general case; B is not assumed to be semisimple. Let Γ denote the Gelfand transform on B. Then Γ•T is a function from A −1 onto (B) −1 , whereB is the Gelfand transform of B. Then by the first part of the proof we see that there exist a homeomorphism φ from Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) such that the equality
holds for every f ∈ A −1 . In particular, we see that Γ • T is an injection from A −1 onto (B) −1 , so Γ is injective on B −1 and so Γ is injective on B by a simple calculation. Thus we see that B is semisimple. Then applying the first case we have the conclusion.
Corollary 5.14. Let A be a unital semisimple commutative Banach algebra and B a unital commutative Banach algebra. Suppose that T is a map from A −1 onto B −1 which satisfies that the equality
holds for every pair f and g in A −1 . Suppose that there exists a λ ∈ C\ (R ∪ iR) such that T λ = λ. Then B is semisimple, T is extended to a complex-algebra isomorphism T E from clA onto clB such that T E A = B and T E ((clA) −1 ) = (clB) −1 , and there exists a homeomorphism φ from Ch(clB) onto Ch(clA) such that the equality
holds for every f ∈ clA.
Proof. By Corollary 5.13 and its proof, we see that B is semisimple and (T 1) 2 = 1, and T is extended to a map T E from clA onto clB such that there exists a homeomorphism φ from Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) which satisfies that the equation
holds for every f ∈ clA. In particular,
is a real-algebra isomorphism from clA onto clB such that
We show that K = Ch(clB). Suppose not. Then there is a y ∈ Ch(clB) \ K. So by the hypothesis,
which is a contradiction since T 1(y) = 1 or −1 and λ ∈ C \ (R ∪ iR). Then we also see that T 1 = 1 since
on Ch(clB) Corollary 5.15. Let A and B be unital semisimple commutative Banach algebras. Suppose that T is a group homomorphism from A −1 onto B −1 . Then the following are equivalent. (i) T is isometry with respect to the spectral radius, that is, the equality
holds for every pair f and
holds for every f ∈ A −1 . (iii) There exist a homeomorphism from Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) such that the equality
holds for every f ∈ A −1 . Thus if one of the above holds, then T is extended to a real-algebra isomorphism from A onto B; A is real-algebraically isomorphic to B.
Proof. The inclusion (iii) → (i) is trivial. Since T 1 = 1, (i) implies (ii) is also trivial. By Corollary 5.13 we see that (ii) implies (iii). Thus T is extended to a real-algebra isomorphism from A onto B if at least one of (i), (ii) and (iii) holds.
The group isomorphism in Corollary 5.15 is not extended to the complex algebra isomorphism in general, as the following example shows. 
On the other hand A is not algebraically isomorphic to B as a complex algebra.
Corollary 5.17. Let A and B be unital semisimple commutative Banach algebras. Suppose that T is a group homomorphism from A −1 onto B −1 which satisfies that the equality
holds for every f ∈ A −1 . Suppose that there exists a λ ∈ C \ R such that T λ = λ. Then T is extended to a complex-algebra isomorphism T E from clA onto clB with T E A = B, and there exists a homeomorphism φ from Ch(clB) onto Ch(clA) such that the equality
Proof. By Corollary 5.15 we see that there exist a homeomorphism from Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) such that the equality
We also see that K = Ch(clB). Suppose that y ∈ Ch(clB) \ K, then we have that
which is a contradiction since λ ∈ C \ R. Thus K = Ch(clB). As in the same way as the proof of Theorem 5.12 T is extended to the desired T E .
Corollary 5.18. Let A be a unital semisimple commutative Banach algebra and B a unital commutative Banach algebra. Suppose that T is a map from A −1 onto B −1 and α is a non-zero complex number which satisfies that the equality
holds for every pair f and g in A −1 . Then B is semisimple, and T is extended to a map T E from clA onto clB such that T E A = B, and there exist an element η ∈ B −1 such that η 2 = 1, a homeomorphism φ from Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) which satisfies that the equality
holds for every f ∈ clA. Furthermore, if T 1 = 1, then the equality
holds for every f ∈ clA. Thus the equality
holds for every pair f and g in clA, and T E ((clA) −1 ) = (clB) −1 holds. Furthermore, if T 1 = 1 and α ∈ C \ R or there exists λ ∈ C \ R such that T λ = λ, then the equality
holds for every f ∈ clA. In this case, T E is extended to a complexalgebra isomorphism from clA onto clB with T E A = B.
Proof. Let β be a complex number with
Then by a simple calculation
Then by Corollary 5.13, B is semisimple and (T β 1) 2 = 1. We also see by Corollary 5.13 that T β is extended to a function (T β ) E from clA onto clB and that there exists a homeomorphism φ from Ch(clB) onto Ch(clA) and a clopen subset of Ch(clB) such that the equation
holds for every f ∈ clA. Put η = T β 1 and put
for f ∈ clA. By a simple calculation we see that T E is an extension of T which maps from clA onto clB and we have that
.
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Suppose that T 1 = 1. Then by the above equation we have that 1 = η on K and 1 = α |α| η on Ch(clB) \ K. Thus we see that the equality
Furthermore suppose that T 1 = 1, and α ∈ C \ R or T λ = λ for some λ ∈ C \ R. First we consider the case where α ∈ C \ R. Since B is semisimple and T 1 = 1 we have that r(T α − α) = r(T αT 1 − α) = r(α1 − α) = 0, so T α = α on Ch(clB). On the other hand by putting f = α in the above equation (5.4) we have that
Since α ∈ C \ R we see that K = Ch(clB) and so the equality
holds for every f ∈ clA. Next we consider the case where T λ = λ for some λ ∈ C \ R. Then by the above equation (5.4) we have that
It follows that K = Ch(clB) since T λ = λ. So we have that
Corollary 5.19. Let A be a unital semisimple commutative Banach algebra and B a unital commutative Banach algebra. Suppose that T is a group homomorphism from A −1 onto B −1 which satisfies that there exists a nonzero complex number α such that the equality
holds for every f ∈ A −1 . Then B is semisimple, T is extended to a real-algebra isomorphism T E from clA onto clB with T E A = B and T E ((clA) −1 ) = (clB) −1 , and there exists a homeomorphism φ from Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) such that
holds for every f ∈ clA; In this case T E is a complex-algebra isomorphism.
Proof. Since T is a group homomorphism we see that
holds for every f and g in A −1 . Then B is semisimple by Corollary 5.18. We also see by Corollary 5.18 that T is extended to a real-algebra isomorphism T E from clA onto clB with T E A = B, and there exist a homeomorphism φ from Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) which satisfies that the equality
holds for every f ∈ clA. Note that T 1 = 1 since T is a group homomorphism from A −1 onto B −1 . Suppose that α ∈ C \ R or there exists a λ ∈ C \ R such that T λ = λ. Then by Corollary 5.18 we see that the equality T E f (y) = f (φ(y)), y ∈ Ch(clB) holds for every f ∈ clA.
6. Non-symmetric multiplicatively spectrum and peripheral spectrum-preserving maps between invertible groups
In this section we consider non-symmetric multiplicatively (peripheral) spectrum-preserving maps. We say that a map T from the invertible group A −1 of a unital commutative Banach algebra A into the invertible group B −1 of a unital commutative Banach algebra B is non-symmetric multiplicatively (resp. peripheral) spectrum-preserving if there exists a nonzero complex number α such that
) holds for every pair f and g in A −1 . In this section we show, under some additional assumption, that non-symmetric multiplicatively peripheral spectrum-preserving maps from A −1 onto B −1 are extended to algebra isomorphisms from A onto B.
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Corollary 6.1. Let A be a unital semisimple commutative Banach algebra and B a unital commutative Banach algebra. Suppose that T is a map from A −1 onto B −1 which satisfies that there exists a nonzero complex number α such that
holds for every pair f and g in A −1 . Then B is semisimple, and T is extended to a map T E from clA onto clB with T E A = B, and there exists a homeomorphism φ from Ch(clB) onto Ch(clA) such that the equality
is extended to a complexalgebra isomorphism
from clA onto clB with
Proof. First we consider the case where α = 1. We have that the equality
holds for every pair f and g in A −1 . Thus by Corollary 5.13 we see that B is semisimple, and T is extended to the map T E from clA onto clB, and there exist a homeomorphism φ from Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) such that the equality
(resp. B −1 ). Then there exists an x ∈ M A (resp. M B ) with f (x) = λ. Since |λ| = f ∞(X) (resp. |λ| = f ∞(Y ) ), we have that f −1 (λ) is a peak set for clA (resp. clB). Thus there exists an x 0 ∈ Ch(clA)∩f −1 (λ) (resp. x 0 ∈ Ch(clB) ∩ f −1 (λ)) by Corollary 2.4.6 in [1] . It follows that λ = f (x 0 ) ∈ f (Ch(clA)) (resp. λ = f (x 0 ) ∈ f (Ch(clB))), so that σ π (f ) ⊂ f (Ch(clA)) (resp. σ π (f ) ⊂ f (Ch(clB))) holds for every f ∈ A −1 (resp. B −1 ). We show that K = Ch(clB). Suppose not; There exists a y 0 ∈ Ch(clB)\K. By the definition of K we have thatK ∩Ch(clB) \ K = ∅, where· denotes the closure in M B . Thus there exists a U ∈ B −1 such that U(y 0 ) = i, |U| < 
So we see that
which is a contradiction proving that K = Ch(clB). It follows that the equality
holds for every f ∈ clA and y ∈ Ch(clB). Finally we consider the general case for α. Let β be a complex number with
Then T β is well-defined and we see by a simple calculation that T β A −1 = B −1 . Then we see that the equalities
hold for every pair f and g in A −1 . Thus by the first part of the proof we see that B is semisimple, and T β is extended to a map (T β ) E from clA onto clB, and there exists a homeomorphism φ from Ch(clB) onto Ch(clA) such that the equality
) for f ∈ clA. Then since we see that the equality
holds for every f ∈ clA. Then we have
holds. Thus we see that T β 1 = T 1 and the conclusion holds.
Corollary 6.2. Let A be a unital semisimple commutative Banach algebra and B a unital commutative Banach algebra. Suppose that T is a group homomorphism from A −1 onto B −1 which satisfies that there exists a non-zero complex number α such that
Then B is semisimple, and T is extended to a complex-algebra isomorphism T E from clA onto clB with T E A = B, and there exists a homeomorphism φ from Ch(clB) onto Ch(clA) such that the equality
holds for every pair f and g in A −1 . Thus by Corollary 6.1 T is extended to a map T E from clA onto clB with T E A = B, and there exists a homeomorphism φ from Ch(clB) onto Ch(clA) such that the equality
holds for every f ∈ clA. Since T is a group homomorphism from A −1 onto B −1 we have that T 1 = 1, so we conclude that the equation
Surjections between commutative Banach algebras
Let A and B be unital semisimple commutative Banach algebras. In this section we consider the maps from A onto B, which satisfy the similar conditions for maps from A −1 onto B −1 in the previous sections. Multiplicatively spectrum-preserving maps are initiated by Molnár [9] , Rao and Roy [12] and Hatori, Miura and Takagi [4] extended the results of Molnár for uniform algebras. Luttman and Tonev [8] extended the results of Rao and Roy and Hatori, Miura and Takagi (for uniform algebras) in the case where the maps between uniform algebras are multiplicatively peripheral spectrum-preserving. Inspired by the theorem of Luttman and Tonev we have considered the following question.
Question 7.1. Suppose that A and B are uniform algebras and T is a map from A onto B. Suppose that
holds for every pair f and g in A and T λ = λ for every complex number λ. Does it follow that T is an algebra isomorphism from A onto B?
In this section we give a complete solution to the above question in more general form (cf. Theorem 7.4 and Corollary 7.5). We also give a generalization of a theorem of Luttman and Tonev (cf. Corollary 7.3.) Note that S need not be injective.
Proof. We can prove Theorem 7.2 in a way similar to the proof of Theorem 3.1 and we only show a sketch of the proof.
In a way similar in the proof of Theorem 3.1 we see that |S1(y)| = 1 for every y ∈ Ch(B). Thus we see that the equality Sf ∞(Y ) = f ∞(X) holds for every f ∈ A. Let y ∈ Ch(B) and put
Then L y is a singleton whose element is a point in Ch(A). Put a function φ from Ch(B) into Ch(A) by φ(y) = the unique element of L y . Then in the same way as in the proof of Theorem 3.1 we see that |Sf (y)| = |f (φ(y))| holds for every f ∈ A and y ∈ Ch(B) if Sf (y) = 0 and f (φ(y)) = 0. We show that |Sf (y)| = |f (φ(y))| holds even if Sf (y) = 0 or f (φ(y)) = 0. Suppose that Sf (y) = 0. Then for every positive ε there exists an
Since S is a surjection there is an h ε ∈ A with Sh ε = H ε . Then by the definition of φ(y), |h ε (φ(y))| = 1 holds since
Thus we have that
so the equalities f (φ(y)) = 0 = Sf (y) holds since ε is arbitrary. Suppose that f (φ(y)) = 0. Then for every positive ε, there exists a u ε ∈ P 0 A (φ(y)) such that f u ε ∞(X) < ε. We see that |Su ε (y)| = 1. Suppose not. Then |Su ε (y)| < 1 since Su ε ∞(Y ) = u ε ∞(X) = 1. So there exists an H ∈ P 0 B (y) with Su ε H ∞(Y ) < 1. Since S is a surjection there is an h ∈ A with Sh = H. Then by the definition of φ(y) we see that |h(φ(y)| = 1 since Sh(y) = 1 = Sh ∞(Y ) . It follows that
which is a contradiction proving that |Su ε (y)| = 1. Then we have that
and so we have that Sf (y) = 0 = f (φ(y)) since ε is arbitrary. We conclude that the equality |Sf (y)| = |f (φ(y))|, y ∈ Ch(B) holds for every f ∈ A. In the same way as in the proof of Theorem 3.1 we see that φ is continuous.
Next let x ∈ Ch(A) and put
In a way similar in the proof of Theorem 3.1 we see that K x is a singleton which consists of a point in Ch(B). Put a function ψ from Ch(A) into Ch(B) such that ψ(x) = the unique element in K x . In a way similar in the proof of Theorem 3.1 and the first part of the proof we see that the equality
holds for every f ∈ A and ψ is continuous on Ch(A). Again in a way similar in the proof of Theorem 3.1 we see that φ • ψ and ψ • φ are identity functions on Ch(A) and Ch(B) respectively, so that φ is a homeomorphism from Ch(B) onto Ch(A).
The following is a generalization of a theorem of Luttman and Tonev [8] and it is related to Corollary 3 in [7] . Corollary 7.3. Let A and B be uniform algebras on compact Hausdorff spaces X and Y respectively. Suppose that S is a map from A onto B such that the inclusion
holds for every pair f and g in A. Then (S1) 2 = 1 and there exists a homeomorphism φ from Ch(B) onto Ch(A) such that the equality Sf (y) = S1(y)f (φ(y)), y ∈ Ch(B) holds for every f ∈ A. In particular, S S1
is an isometrical algebra isomorphism from A onto B.
Proof. A proof is similar to that of Corollary 4.1 and we sketch a proof. First we consider the case where S1 = 1. By the inclusion σ π (Sf Sg) ⊂ σ π (f g), we have that Sf Sg ∞(Y ) = f g ∞(X) holds for every pair f and g in A. Thus by Theorem 7.2 there exists a homeomorphism φ from Ch(B) onto Ch(A) such that the equality
holds for every f ∈ A. We show that the equality
holds for every f ∈ A. If f (φ(y)) = 0, then the proof is similar to that in the proof of Corollary 4.1. If f (φ(y)) = 0, then Sf (y) = f (φ(y)) holds by the above equation 7.1. Finally we consider the general case; We do not assume S1 = 1. In a way similar to the proof of Corollary 4.1 we see that (S1) 2 = 1. So S1 ∈ B −1 . Put a mapS from A into B bySf = Sf S1
. ThenS is a surjection and the inclusion
holds for every pair f and g in A since (S1) 2 = 1. By the first part of the proof we see that the conclusion holds.
Theorem 7.4. Let A be a unital semisimple commutative Banach algebra and B a unital commutative Banach algebra. Suppose that S is a map from A onto B which satisfies that there exists a non-zero complex number α such that the equality r(Sf Sg − α) = r(f g − α)
holds for every pair f and g in A. Then B is semisimple and there exist an η ∈ B with η 2 = 1, a homeomorphism φ from Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) such that the equality
f (φ(y)), y ∈ Ch(clB) \ K holds for every f ∈ A. Furthermore if S1 = 1, then η = 1. Furthermore if S1 = 1, and α ∈ C \ R or there exists a λ ∈ C \ R such that Sλ = λ, then K = Ch(clB) and the equality Sf (y) = f (φ(y)), y ∈ Ch(clB) holds for every f ∈ A.
Proof. First we consider the case where B is semi-simple. We show that SA −1 = B −1 . Let f ∈ A −1 . Put g = αf −1 . Then we have that 0 = r(f g − α) = r(Sf Sg − α), so Sf Sg = α for B is semisimple. Since α is a non-zero complex number we see that Sf ∈ B −1 ; we have proved that SA −1 ⊂ B −1 . Suppose that F ∈ B −1 . Since SA = B, there exist an f and a g in A with Sf = F and Sg = αF −1 . Then we have that 0 = r(Sf Sg − α) = r(f g − α), so f g = α for A is semisimple. Thus we see that f ∈ A −1 . It follows that SA −1 = B −1 . Applying Corollary 5.18 to S|A −1 we see that there corresponds the extended map (S|A −1 ) E from clA onto clB such that the equality
holds for every pair f and g in clA. We also see by Corollary 5.18 that there exist an η ∈ B −1 with η 2 = 1, a homeomorphism φ from Ch(clB) onto Ch(clA) and a clopen subset K of Ch(clB) which satisfy that ((S|A −1 ) E (f ))(y) = η(y) × f (φ(y)), y ∈ K, α |α| f (φ(y)), y ∈ Ch(clB) \ K.
If S1 = 1, and α ∈ C \ R or there exists a λ ∈ C \ R with Sλ = λ, then ((S|A −1 ) E (f ))(y) = f (φ(y)), y ∈ Ch(clB) holds for every f ∈ A by Corollary 5.18. We show that (S|A −1 ) E = S on A. By the definition of (S|A −1 ) E we have that for every g ∈ (clA) −1 there exists a sequence {g n } in A holds, where {g n } ⊂ A −1 and g − g n ∞(M A ) → 0 as n → ∞. Letting n → ∞ we see that the equality (7.3)
holds for every f ∈ A and g ∈ (clA) −1 . Since (S|A −1 ) E ((clA) −1 ) = (clB) −1 holds we see that the equality
holds for every f ∈ A and G ∈ (clB) −1 by the equations (7.2) and (7.3). Applying peaking function argument as before it follows that the equality Sf (y) = (S|A −1 ) E f (y), y ∈ Ch(clB) holds for every f ∈ A. We show a proof for a convenience. Substituting G by nG for positive integer n, we have that
, and letting n → ∞ we have
holds for every pair f ∈ A and G ∈ (clB) −1 . Suppose that f ∈ A and y ∈ Ch(clB). If Sf (y) = 0, then there exists a sequence {G n } in P 0 clB (y) with Sf G n ∞(M B ) → 0, as n → ∞ so that
as n → ∞. It follows that (S|A −1 ) E f (y) = 0. In the same way we see that Sf (y) = 0 if (S|A −1 ) E f (y) = 0. Suppose that Sf (y) = 0 and (S|A −1 ) E f (y) = 0. Applying Lemma 2.1 we see that there exists a G ∈ P 0 clB (y) such that (7.4) σ π (Sf G) = {Sf (y)}, σ π ((S|A −1 ) E f G) = {(S|A −1 ) E f (y)}.
Thus we see that On the other hand
Applying the equations (7.4) and (7.5) we see that Sf (y) = (S|A −1 ) E f (y). Thus we see that S = (S|A −1 ) E on A. Finally we consider the general case, where we do not assume that B is semisimple. Let Γ be the Gelfand transform on B. By applying the conclusion of the first part of the proof, we see that the map Γ • S from A ontoB, the Gelfand transform of B, is injective. It follows that Γ is injective. Thus we see that B is semisimple. Applying the first part of the proof we see that the conclusion holds.
Since uniform algebras are unital semisimple commutative Banach algebras, we see that the following holds.
Corollary 7.5. Let A and B be uniform algebras on compact Hausdorff spaces X and Y respectively. Suppose that S is a map from A onto B which satisfies that there exists a nonzero complex number α such that the equality Sf Sg − α ∞(Y ) = f g − α ∞(X) holds for every pair f and g in A. Then there exist an η ∈ B with η 2 = 1, a homeomorphism φ from Ch(B) onto Ch(A), and a clopen subset K of Ch(B) such that the equality Sf (y) = η(y) × f (φ(y)), y ∈ K, α |α| f (φ(y)), y ∈ Ch(B) \ K holds for every f ∈ A. Furthermore if T 1 = 1, then the equality Sf (y) = f (φ(y)), y ∈ K, f (φ(y)). y ∈ Ch(B) \ K holds for every f ∈ A. Furthermore if T 1 = 1, and α ∈ C \ R or there exists a λ ∈ C \ R with T λ = λ, then the equality T f (y) = f (φ(y)), y ∈ Ch(B)
holds for every f ∈ A.
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Corollary 7.6. Let A be a unital semisimple commutative Banach algebra and B a unital commutative Banach algebra. Suppose that S is a map from A onto B which satisfies that there exists a non-zero complex number α such that σ π (Sf Sg − α) ∩ σ π (f g − α) = ∅ holds for every pair f and g in A. Then B is semisimple and there exists a homeomorphism φ from Ch(clB) onto Ch(clA) such that the equality Sf (y) = S1(y)f (φ(y)), y ∈ Ch(clB) holds for every f ∈ A.
Proof. Since σ π (Sf Sg − α) ∩ σ π (f g − α) = ∅, holds for every f, g ∈ A, then r(Sf Sg − α) = r(f g − α)
holds for every f, g ∈ A. Then by Theorem 7.4 we see that B is semisimple and S is real-linear. On the other hand we see that SA −1 = B −1 . Suppose that f ∈ A −1 . Then
It follows that σ π (Sf S(αf −1 ) − α) = {0}.
We see that Sf ∈ B −1 . Thus we see that SA −1 ⊂ B −1 . Suppose conversely that F ∈ B −1 . then there exist an f and a g in A with Sf = F and Sg = αF −1 . Then σ π (Sf Sg − α) = {0}, so σ π (f g − α) = {0}. We see that f ∈ A −1 . Thus we see that B −1 ⊂ A −1 , and thus SA −1 = B −1 . Then by Corollary 6.1 there exists a homeomorphism φ from Ch(clB) onto Ch(clA) such that the equality (7.6) Sf (y) = S1(y)f (φ(y)), y ∈ Ch(clB) holds for every f ∈ A −1 . We show that the equation (7.6) holds for every f ∈ A. Let f ∈ A. Then there exist f 0 ∈ A −1 and a complex number µ with f = f 0 + µ. If µ = 0, then Sf (y) = Sf 0 (y) = S1(y)f (φ(y)) = S1(y)f (φ(y)), y ∈ Ch(clB) 46 holds. If µ = 0, then, the by real-linearity of S and the equation (7.6) we have Sf (y) = Sf 0 (y) + Sλ(y) = S1(y)f 0 (φ(y)) + S1(y)λ = S1(y)f (φ(y)) holds for every y ∈ Ch(clB).
The authors do not know if a corresponding result for α = 0 holds.
